Production Quantity (EPQ) inventory model with partial rework has been proposed, which considers the number of shipments as a xed and given value. This paper, treating the longrun average costs per unit time as a function of replenishment lot size Q and the number of shipments n, adopts the di erential calculus approach to get the optimal solution of Q and n jointly. In numerical examples, it is illustrated that the solution procedure is simple and accurate.
Introduction
An interesting research topic in inventory theory is the development of inventory models when the manufacturing system produces defective items which can be reworked. Within this context, Chiu et al. [1] proposed a multi-delivery policy into an imperfect Economic Production Quantity (EPQ) inventory model with partial rework. Essentially, they treat their long-run average cost as a function of the replenishment lot size, Q. Consequently, the long-run average cost function of Chiu et al. [1] is a function of only one decision variable, Q. Furthermore, they consider the number of shipments, n, as a constant. Conversely, C ardenasBarr on et al. [2] generalized the model of Chiu et al. [1] to allow the number of shipments, n, to be a decision variable, such that the long-run average cost is a function of two decision variables, Q and n. A solution procedure to determine both Q and n is also proposed.
Following the approach of C ardenas-Barr on et al. [2] , this paper adopts the calculus approach to obtain the optimal solution of Q and n jointly. The solution procedure simpli es that of C ardenas-Barr on et al. [2] . Research on EPQ inventory models with partial rework can be found in C ardenas-Barr on et al. [2] , Chiu et al. [1] , Sana [3] , Sana [4] , Sana and Goyal [5] , and their references.
In the following paper, Section 2 presents the mathematical formulation of the inventory model. Section 3 proposes two theorems to locate the optimal solution. Section 4 illustrates the use of the theorems with numerical examples. Finally, a remark conclusion is given.
Model formulation
We adopt all of the notation and assumptions described in Chiu et al. [1] and C ardenas-Barr on et al. [2] to establish a new manufacturing model which allows the number of shipments n to be a decision variable. Following Chiu et al. [1] and C ardenas-Barr on et al. [2] , we can get the long-run average costs, E[n; Q], per unit time for the new manufacturing model as follows: E[n; Q] = 3 + 2 (n)Q 1 + 1 (n)Q; (1) where:
A =h
B =h
3. The optimal solution (n ; Q ) of E[n; Q]
When n is given, Chiu et al. [1] obtain the optimal replenishment lot size Q (n) as:
So, the optimal solution (n ; Q ) of E[n; Q] can be obtained by:
If we treat n as a continuous variable, Eqs. (8) and (9) yield:
Incorporating Eqs. (10) and (11), we have:
Eq. (12) illustrates that if B 0, then E[n; Q (n)] is increasing with respect to n 1. So, based on Eq. A B+D . Therefore, we conclude that the optimal number of shipments is n = 1 if B 0.
Hence, we obtain the following results.
Theorem 1: Suppose that B 0. Then: (i) E[n; Q (n)] is increasing with respect to n 1;
(ii) The optimal solution, (n ; Q ), of E[n; Q] can be expressed by Eq. (13), that is (n ; Q ) = (1; Q (1)) = (1; 
Numerical examples
In this paper, all instances in C ardenas-Barr on et al. [2] are used for comparison. The data are shown in Table 1 . Table 2 reveals that all optimal solutions are consistent with those in C ardenas-Barr on et al. [2] .
Conclusion
C ardenas-Barr on et al. [2] treated the long-run average costs per unit time for the model of Chiu et al. [1] as a function of the replenishment lot size, Q, and the number of shipments n. Since n is restricted to being an integer number, they did not use the di erential calculus approach to nd the optimal solution (n ; Q ). Basically, they adopted the approach of Garc a-Laguna et al. [6] and used Eqs. (13) and (14) in C ardenasBarr on et al. [2] to develop the algorithm for locating the optimal solution (n ; Q ). However, this paper considered n as a continuous variable and used the di erential calculus approach to obtain Theorems 1 and 2 to locate the optimal solution (n ; Q ). There exist two cases:
Case (I): When B 0, then (n ; Q ) = (1; Q (1));
Case (II): When B < 0 and A + D > 0, then: (n ;Q ) =minimizef(n 0 ; Q (n 0 )); (n 0 +1; Q (n 0 +1))g; where:
Compared with the solution procedure for Cases 1-1 and 1-2 described in C ardenas-Barr on et al. [2] , the one shown by Theorems 1 and 2 in this paper is simpler. In addition, numerical examples illustrate that our solution procedure is rather accurate. A relevant managerial insight is that we consider the number of shipments in the paper as a decision variable and also as an integer value. Future research directions are in line for applying our proposed solution procedure to other inventory models and also extending it to more realistic situations such as considering di erent types of variable demand, e.g. stock-dependent demand, creditlinked demand, and advertisement-dependent demand. These are some interesting research directions on which studies can be done in the near future.
